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P(M1|y)
Xd
P(M2|y)
hj¢
P(Mi|y) ∝ P(Mi)
∫
Θi
fi(y|θi)πi(θi)dθi .
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γ = (γ1, . . . , γp) ∈ Γ = {0, 1}⊗p
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 t1(γ) = {t1,1(γ), . . . , t1,pγ (γ)}
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βt1(γ) =
[
β0, βt1,1(γ), . . . , βt1,pγ (γ)
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βt0(γ) =
[
βt0,1(γ), . . . , βt0,p−pγ (γ)
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Xt1(γ) =
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y = (y1, . . . , yn)
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y|β, γ, σ2 ∼ N
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Xt1(γ)βt1(γ), σ
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)
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σ2 ∈ R∗+
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π1(θ1)
Xd
π2(θ2)
x+¦ {jly}bX
}VXx-¦ lykbp¡hjsoW{@dflyhjk}bX 9\mxxym{jg /« !§XFlVxyX!sMXFk/dfsoXxXEc	}bXFb®}VlycedfsolmbdflyhjkmctW{jsfi3lkD{vxyXFc;,¡h3|VsoF}blgdol3XFc1
g!hjsosfXEce|:hjkD}V{vk/dfXEc!¥
f1(y) =
∫
θ1
f1(y|θ1)π1(θ1)dθ1
Xd
f2(y) =
∫
θ2
f2(y|θ2)π2(θ2)dθ2
£rtxymcgX!dedfX
lykbp¡h3sfW{@dolh3kXFcedpq{vlyVxX1|VxymcxXEcxh3lyc{­|Vsolyhjsol cfhjk/duwVijFXFcFª/Vldo{vmxXEc!+.Mdom}blyhjkmc\gX!dedoX1{j|V|Vsoh8g~SmX
}m{vkmcxyXg!{3cª3mlkVhjDclk/do!soXFcoceX(	cfhjlyX!k/d M1 Xd M2 }bXFb® Whb}bUFxXEcm{ajEcelyX!kmc}bX)so!i3sfXEcfcflyhjkxylykVF{jlsoXj¥V}bX\@{vsol{vkmg!X\g!hjWWmkVX
σ2
XdWmkVlyc}VXxh3lyc{1|Vsolh3sfl¨lykbp¡h3sfW{@dol3XFcT}bX¬©:XFxxykVXFs
M1 : y|X1, β1, σ2 ∼ N (X1β1, σ2In), β1|X1, σ2 ∼ N
(
s1, σ
2n1(X
′
1X1)
−1
)
, σ2 ∼ π(σ2) ,
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h3¢
X1
XEcwdVkVXW{vdfsolyg!X m®8FX
(n × k1)
}VXso{jkVi
k1 ≤ n

M2 : y|X2, β2, σ2 ∼ N (X2β2, σ2In), β2|X2, σ2 ∼ N
(
s2, σ
2n2(X
′
2X2)
−1
)
, σ2 ∼ π(σ2) ,
h3¢
X2
XEcwdVkVXW{vdfsolyg!X m®8FX
(n × k2)
}VXso{jkVi
k2 ≤ n
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}VlycedfsolmbdflyhjkmcTW{jsfi3lkm{jxXEcTghjkD}blndolh3kVkVXFxxyX!WX!k/d
σ2
m¯txxyXcF¦ Egsolnd
∫
log
(
f1(y|σ2)
f2(y|σ2)
)
f1(y|σ2)dy .
¤{vkDcgXg!{3c!¥ *{jsflyk=,-v3j1Wh3k3dosfX\ª/VXxyXW1lykVlyWVW XFced{@dedoX!lyk/d|Dh3Vs
s∗2 = (X
′
2X2)
−1X ′2X1s1
Xd
n∗2 = n1 .
,7. 1
YQXsfEcemxnd~{@d	XEcwdTlk/doVlndolnp g!{vs
X2s
∗
2
XEcwdTx{|VsohvuwXFgdflyhjkh3sedoSVhji3hjkm{jxX}bX
X1s1
cfVsQx-¦ XFcf|m{jg!XAXFkVijXFkm}bso
|D{vs­xyXFcghjxyhjkmkVXFc}bX
X2
	rM{js­X®bX!W|VxyXj¥cel
X1 = [1n, x1]
¥
X2 = 1n
¥
s1 = (s11, s12)
¥
s∗2 =
s11+
1
n
∑n
i=1 x1is12
 
Dcfcfl-¥vcfl
X1 = [1n, x1]
¥
X2 = x1
¥
s∗2 =
(
∑n
i=1 x1i
/
∑n
i=1 x
2
1i
)
s11+s12

zXFW{vs~ª3mhjkmcª3mX1g!XdedoX¬|msfh3|Dh/celdflyhjk}bX1xyhjlc{O|Vsflyhjsol&Eª/Vlnd~{vVxyXFcgh3sfsoXFcf|:hjkm})gX!xyxyX¬}bh3kVkV!X
|D{vs ÁVs~{vSVlyW Xd !{vm} ,7.Ejv1QX!d Ámso{jSVlW ,7.F3B4+1¥bXdª/§¦ XFxxyX{vVs~{vldQFi3{jxXFW1XFk/d!df\hjbdoX!k8VX\{jXEg
xyXFc{vVdfsoXFc|Vsfh3|Dh/celdflyhjkDcA}bX¬xh3lyc{­|VsolyhjsolEª3mlnd~{vVxyXFcF¨Zk }bhjld\{jmcocelkVhvdoX!s\ª3&¦ lykm}bF|DXFkm}V{vWWX!k/d
}VX)xXFVsOª/m{vxyldfFc­hj }bX)xyX!Vs~cxylWldfXFcF¥tdohjbdoXFcxyXFc­|Vsfh3|Dh/celdflyhjkDc1pq{vldfXFc­|Dh3VsO}b! mkVlysO}bXFcOxh3lyc{
|msflyhjsolDg!hjW|m{@dolmxXEcQlykm}bmlycfX!k/dT|Dh3VsQmlXFk}bXEcQWhb}bUFxXEcQ}bXEcT}bln²­g!VxndoFcT}bX\g!{jxyg!Vx:ª/Vl£xylWldfXFk3dTxyX!Vs
|:!kmdfs~{@dolh3k§
 lykm{vxyX!WX!k/dE¥jkVh3mcMcemijijFsfh3kmc$}bX|VsohbgF}VX!st}bXx{W{vkVlyU!soXceml@{vk/doX|Dh3VsMhjbdoX!kVlys	}bXEcMWhb}bU!xyXFc
D{ajFcflyX!kmcT}bX\so!ijsoXFcocflh3k­Fª/Vldo{jVxXEc (
.+1}V mkVlysx{¬xyhjl{¬|msflyhjsol¨}bW1hb}bUFxXg!hjW|VxyXd 
!1O|mVlycF¥VXFk}bF}bmlsoXxXEcxyhjlc{|Vsolh3sfl§}bXEc
2p − 1 Whb}bUFxXEcsfXEcwd~{vk/docX!k|VsoX!km{jk3d|:hjmsAg~Sm{jª/VXWh8}VU!xyXtxy{xh3lj{|Vsolh3sfl@Eª/Vlnd~{vVxyXt|m{js§s~{v|V|:hjsfd&{vWhb}bU!xyXtgh3W|VxX!d&|VsoFg!F}bXFW1WXFk3dlk/dfsohb}bVldF
Ahvdfh3kmc
Uγ =
(
X ′t1(γ)Xt1(γ)
)−1
Xt1(γ)
Xd
Pγ = X
′
t1(γ)
Uγ
 
ijlcocf{jk3d}bXx{)cfhjsfdfX|:hjVsmk
Whb}bUFxX
γ
¥Vxy{1xyhjl§{1|Vsolh3sfl§g!hjW|m{vdflyVxX}bX
βt1(γ)
cf{3g~Sm{vk/d
σ2
XFced
N
(
UγXβ̃, cσ
2
(
X ′t1(γ)Xt1(γ)
)−1
)
.
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!{}bX!kmcfldf}bX\x{¬xyhjl{¬|msflyhjsol¨}bXFc|D{vs~{vWUdosfXEcQ}bWhb}bU!xyX
γ
XFcedA{vxyhjs~cQdfX!xyxyXª3mX
π(β, σ2|γ) ∝
(
σ2
)−(pγ+1)/2−1
I0p−pγ (βt0(γ)) exp
[ −1
2cσ2
(
βt1(γ) − UγXβ̃
)′
(X ′t1(γ)Xt1(γ))
(
βt1(γ) − UγXβ̃
)]
.
!&X|m{jso{jWUdfsoX}bX1ceFxXEgdflyhjk
γ
cfXcflndoVX1­Vk±kVlyjXE{v)SVly!s~{vs~g~SVlª/VX|VxDcAFxXFjj¥£gh3WW1X¬x-¦ lykm}blª3mXj¥
}m{vkmc	xy{\ DijVsoX .j¥/xyXAijs~{v|mSVX{jg!a8g!xlª/VXh3sflyX!k/df,-[
AZ 1 , !&{jVsfld FX!k¨¥.F3j1VYQXAi3so{j|VSVXlykm}blª/VXAxyXFc
soX!x{@dolh3kmc}bXO}V!|:X!km}V{jkmgX­g!hjkm}Vlndolh3kVkVX!xyxyXFcXFk/dfsoXxXEc@{vsoly{jVxXEc}b Whb}bU!xyXj ¤{jkmcgXOijs~{v|VSVX3¥¨xy{
}V!|:X!km}V{jkmgX¬{v)Whb}bU!xyX¬}b±|m{vs~{vWUdosfX
β
k§¦ XEcwd|m{jcAX®b|Vxylyg!lndoX!WX!k/dW{jsoª/VFXjV¯tk XI£XdE¥:}V{jkmcmk
mbdT}VXcflW|Vxyln :g!{@dolh3k§¥3dfhjVdT{j­xh3kVi¬}VXAx+¦ {jsedolyg!xX3¥3kVh3mcQk§¦ lykm}blª/VhjkDc	|m{3c	x{}V!|:X!km}V{jkmgX!8l}bX!k/dfX
{jWhb}bUFxX}bXEcgh8X²­g!lXFk3d~c
β

r$hjmsgX|m{jso{jW1U!dfsoXj¥8kVh3mcTbdflyxylycfhjkmcTx{1xh3l&{1|Vsolh3sfl¨cfVl@{jk3doX
π(γ) =
p
∏
i=1
τγii (1 − τi)1−γi ,
h3¢
τi
g!hjsosfXEce|:hjkm} ±x{±|msfh3m{vVlyxylndo{ |Vsolh3sflTª/VXxy{ @{vsoly{jVxX
i
cfhjld1|VsoFcfX!k/doX}V{jkmc1xXWhb}bU!xyXj
RQa8|Vlª3mX!WX!k/dF¥:xyhjs~cfª/VX1{vmg!VkVX1lkbp¡h3sfW{vdflyhjk±{O|Vsflyhjsol k§¦ XEcwd\|VsoFcfX!k/dfX3¥£hjk|:h3cfX
τ1 = . . . = τp =
1/2
£YQX!x{Ogh3km}bVld­VkVX1xh3l{­|msflyhjsol§VkVlp¡hjsoWX
π(γ) = 2−p
¥:S/a8|:hvdoSVUFcfXdohj@uwh3Vsocpq{vldfX1}V{vkmcAxy{
cfVldfX}bXg!XdA{vsfdflgxyXj
     
'  '
γ
Ahjmc{3hjkmc
π(γ|y) ∝ f(y|γ)π(γ)
∝ f(y|γ)
∝
∫ (∫
f(y|γ, β, σ2)π(β|γ, σ2)dβ
)
π(σ2)dσ2 .
rM{js}bXFcgF{vxgVxcT!xy!WX!k/d~{vlysfXEc ,+[X!h3sfi3XX!d *gEYQVxyxyh8g~S&¥ .F3B4+1¥mlx§8lyX!k/d
f(y|γ, σ2) =
∫
f(y|γ, β, σ2)π(β|γ, σ2)dβ
= (c + 1)−(pγ+1)/2(2π)p−n/2
(
σ2
)−n/2
exp
(
− 1
2σ2
y
′
y +
c
2σ2(c + 1)
y
′Pγy −
1
2σ2(c + 1)
β̃′X ′PγXβ̃+
1
σ2(c + 1)
y
′PγXβ̃
)
.

AlkDcel+¥
π(γ|y) ∝
∫
f(y|γ, σ2)π(σ2)dσ2
ÉÉ ÔKLMNN
0     G	
2! 	
γ
X
σ β
c~β
2
y
  .  zXF|VsfEceXFk/do{@dolh3k)}bWhb}bU!xyXlykbp¡hjsoW{@dflpM|m{vsceh3k±[
AZ (DxXEcAª/m{jk3dolndoFc{jxE{@dohjlysfXEcceh3k/dXFk/dfhjmsfFXFc|m{vs}VXFcTX!xyxyl|mcfXFcTX!dxXEcª/m{vk/dolndoFc V®bXFcTh3h3mcfX!soj!XEc|m{vs}bXEcTsfXEgd~{vkVi3xXEc!
π(γ|y) ∝ (c + 1)−(pγ+1)/2
[
y
′
y − c
c + 1
y
′Pγy +
1
c + 1
β̃′X ′PγXβ̃ −
2
c + 1
y
′PγXβ̃
]−n/2
.
,-1
  
  
'  '
β
' 
σ2
YQh3km}bldflyhjkVkVXFxxyX!WXFk3dA
γ
¥bkVhjDc{jhjkDc
βt0(γ)|σ2,y, γ ∼ δ(0p−pγ ),
,-gX1ª3mlcfli3kVln DX¬cflW|VxyX!WX!k/d\ª3mXxXEcg!h8X²­glyX!k/doc}bXFcAsfFijsoXFcoceXFVs~cª3mlk§¦ lyk3doX!so8lXFkVkVX!k/dA|D{jcA}m{vkmc
xyX\Wh8}VU!xyX
γ
ceh3k3dT V®bEc !!sohB1¥
βt1(γ)|σ2,y, γ ∼ N
[
c
c + 1
(Uγy + UγXβ̃/c),
σ2c
c + 1
(
X ′t1(γ)Xt1(γ)
)−1
]
,
σ2|y, γ ∼ IG
[
n
2
,
y
′
y
2
− c
2(c + 1)
y
′Pγy +
β̃′X ′PγXβ̃
2(c + 1)
− 1
c + 1
y
′PγXβ̃
]
.
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h3¢
IG(a, b) XEcwdVkmXxyhjl&lk8jXFsocfXi3{vWW{1}bXWh@ajX!kmkVX b/(a − 1) 
r$hjms¬xyXWhb}bUFxX
γ
¥
Uγy
XEcwdx+¦ XEcwdolW{@doX!Vs}bXEcWhjlykm}bsoXFc1g!{jsfsoFchjs~}blykm{vlysfXEc}bX
βt1(γ)
¥ kmhvdf
β̂t1(γ)
¥VX!d
UγXβ̃
XFcedx-¦ XFcf|:!s~{vkmg!X{|Vsflyhjsol§gh3W|m{@dolVxyX}bX
βt1(γ)
¥mkmhvdfFX
β̃t1(γ)
V¯tkgh3kmcfFª/VX!kDgXj¥
x+¦ XFcedflyW{vdfXFVsm{ajEcelyX!k}bX
βt1(γ)
WlykVlWlcf{jk/dxy{1|:X!sfdfXª/m{j}Vso{vdflª3mXXEcwdA}bh3kVkV\|m{js
E(βt1(γ)|y, γ) = E(E(βt1(γ)|σ2,y, γ)|y, γ) =
c
c + 1
(β̂t1(γ) + β̃t1(γ)/c).
, # 1
_bl
c = 1
¥bgv¦ XFcede«Á@«Á}blysfXAcfl¨x+¦ lykbp¡hjsoW{@dolh3kO{|msflyhjsol:{¬xyXW-D!WX\|:hjl}VcTª3mXx+¦ Eg~Sm{vk/dolxyxh3k§¥/x-¦ XFcedflyW{@dfXFVs
D{ajFcflyX!kOXEcwdx{1Wh@ajX!kmkVXXFk/dfsoXx+¦ XFcedflyW{vdfXFVsA}bXEcTW1h3lkD}bsfXEcg!{jsfsoFcQXdx{1W1h@a3X!kVkmX\{1|Vsolyhjsol-
¤X|VxymcF¥bkVhjmc|Dh3Vjh3kmcW1h3k/dfsoX!sª/VX
y
′
y − c
c + 1
y
′Pγy +
β̃′X ′PγXβ̃
c + 1
− 2
c + 1
y
′PγXβ̃ =
(y − Xt1(γ)β̂t1(γ))′(y − Xt1(γ)β̂t1(γ)) +
1
c + 1
(β̃t1(γ) − β̂t1(γ))′X ′t1(γ)Xt1(γ)(β̃t1(γ) − β̂t1(γ)),
X!dt{vxyhjs~cx+¦ XFcedflyW{vdfXFVsMm{ajEcelyX!k¬WlkVlyWlyco{vk/dMxyXsolcfª/VXª/m{j}Vso{vdflª3mXQXEcwdt}bh3kVkVT|m{vs
E
[
σ2|y, γ
] ceh3lnd
(y − Xt1(γ)β̂t1(γ))′(y − Xt1(γ)β̂t1(γ)) + (β̃t1(γ) − β̂t1(γ))′X ′t1(γ)Xt1(γ)(β̃t1(γ) − β̂t1(γ))/(c + 1)
n − 2 .,¡B1
!&XFcMEª/m{@dolh3kmc , # 1$Xd ,¡!1tWXdedoX!k/d	XFkxVWlyU!soXAª/VXx+¦ lyk mmX!kmg!XA}bXx{xyhjlm{|msflyhjsolV}blce|m{jso{ydtxyhjs~coª3mX
c
dfXFkm}jXFsocTx+¦ lykb mkml-
    '()+' '
c
¤{vkmcAgX\|m{vs~{vi3so{j|VSVX3¥3kVh3mcTdom}blyhjkmcx-¦ lk	 mVX!kDgX}bX
c
cemsxy{1xyhjl§{|:h3cedfX!solyhjsol£}VXFcTWhb}bU!xyXFcF
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y|β, σ2 ∼ N
(
β0 +
3
∑
i=1
βixi +
3
∑
i=1
βi+3x
2
i + β7x1x2 + β8x1x3 + β9x2x3 + β10x1x2x3, σ
2In
)
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xi
!
i = 1, . . . , 10
J	 
	 -,B  FG! & 
 #-# 
	 
"
   "   . #     ]0, 10[ </3    #  $"= 	  10	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β0 + β1x1 + β2x2
<63	    !	 
   &  γ∗ = (1, 1, 0, . . . , 0)  n = 50 ! (β0, β1, β2) =
(5, 1, 3)

	
σ2 = 4
<
!&Xd~{vVxyXF{j8.¬Wh3k3dosfX1ª/VX¬x{­xyhjlM{|Dh/cwdoX!solh3sfl }bXFcWhb}bU!xyXFcXFceddfsoUFc\ceXFkmcflVxyX¬{j g~SVh3ln®}bX
c


AlkDcel+¥@xh3socoª/VX	x+¦ hjkkmXT}Vlycf|Dh/ceX|m{3c }§¦ lykbp¡hjsoW{@dolh3kmc${A|Vsolyhjsol-¥x+¦ l}b!Xlyk3doVldflyjXgh3kmcelcedo{vk/dMA|msfXFkm}bsoX
β̃ = 0p+1
Xd
c
i3so{jkm}kVX\|:X!bd|m{3c D!dfsoXVdflyxlceFXjDYQXFxy{¬kVhjDcQ{1{vWX!km¬|Vsohj|:h3cfX!sVkVXxh3l£{¬|Vsolh3sfl
kmhjklkbp¡h3sfW{vdflyjX\SVly!s~{vs~g~SVlyª/VX\}bEgsolndoX\}m{vkmcTx{ceXEgdflyhjkcfVl@{jk3doXj
ÉÉ ÔKLMNN
.E     G	
2! 	
*h8}VU!xyX
c = 10 c = 100 c = 1, 000 c = 10, 000 c = 1, 000, 000
m¥".3¥  V v/j3 m #  # !0 m /0/0 m 0/0j/ m !033j
m¥".3¥ V¥ 4 V ?. # v m 3?.!8 m !0 # 3 m jj #  m 333@
m¥".3¥ V¥  V ?.vj m / # .E m /033 m /0j!0 m 3 #!# 
m¥ V¥  V 3j3!4 m  # j/ m 3v/j m 33@/ m 333@
m¥".3¥ V¥ 0 V ?.@3 m  # 0 #!# m ..Ej m 3?.Ej m 3?.v
   .  
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(γ) = −2 log[f(y|β̂t1(γ), γ, σ̂2γ)] + 2(pγ + 2) ,
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σ̂2γ
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¥
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(γ) = −2 log[f(y|β̂t1(γ), γ, σ̂2γ)] + log(n)(pγ + 2) ,
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(γ) = (n − pγ − 1)
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σ̂2γ
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√
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y ∼ N (2 + 2x2 + 2x3 + 2x6, In).
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y ∼ N (2 + 2x2 + 2x3 + 2x6, In).
_8ms­}bl I£!soX!k/d~c /"%    ´  8  -  ¹q 8& §¥Mso!|Vxylyª/VEc .F3p¡h3lyc ,¡dfhjVdfXFcxyXFc@{jsfl{vVxyXFc
!do{jk3dsoXFcflW¬Vxy!XFc1¥bxyX\do{jVxyXF{v # gh3W|m{vsoXxyXFcT|:X!sfp¡hjsoW{vkmg!XFc}bXcf!xyXFgdflyhjk)}bXx{¬|msfhbgE}bVsoXD{aj«
cflyX!kVkVXkVhjkOlkbp¡h3sfW{vdflyjX|m{js	s~{v|V|:hjsfdQ¬gX!xyxyX}bXEcQg!sfldfUFsfXEcMp¡soFª/VX!k/dolXFxycQgx{jcocelª/VXFcQ}bXcf!xyXFgdflyhjkO}bX
@{jsfl{vVxyXFcFV_8hjmxlyijkVh3kmcTª/VXj¥VxyXkVh3WVsoX}VX{jsfl{vmxXEcQ!do{jk3dTpq{jlVxyXj¥mkVhjmcTX
I:XEgdoVhjkmcVkVXceFxXEgdolh3k
ÉÉ ÔKLMNN
.F     G	
2! 	
X!®bSm{vmcedflyjX3bYQXdo{jVxyXF{vWhjk/dfsoXª/VXx{|VsohbgE}bVsoXm{a3FcflXFkVkVXkVhjklkbp¡h3sfW{vdflyjX{3cfcfVsoX}bXEc|DXFse«
p¡h3sfW{jkmgXEc}bXOcf!xyXFgdflyhjk WX!lyxxyX!msfXEcª/VX­xyXFc¬gsolndoU!soXFc\p¡soFª/VXFk3dolXFxycgx{jcocelª/VXFcF¥§kVhjdo{vWWX!k/d¬}m{vkmc
xyXFcQg!{3cthj¢Oxy{\d~{vlyxxyX}§¦ Eg~Sm{vk/dflyxyxh3kXFced	pq{vlyVxyXj8¤AX|Vxymc	x{|VsohbgE}bVsoXm{ajEcelyX!kmkVXsfEcelcedfXA{3cfcfXmlXFk
1VkmX\p¡hjsfdfXgh3sfso!x{@dolh3k­X!k/dfsoX\sfFijsoXFcoceXFVs~c!
ρ
#   # 4 
n = 30

 fY ( .! 
 fY ( v
YQ|=( v YQ|=( v
fY ( #  fY ( .
* 
r	  ( # 0 * 
r	  ( 40
n = 50

 fY ( j 
 fY ( @
YQ|=( v YQ|=( ##
fY ( !4 fY ( j
* 
r	  ( ?. * 
r	  ( 00
n = 100

 fY ( v 
 fY ( ##
YQ|=( #  YQ|=( # 
fY ( 4@ fY ( 4 #
* 
r	  ( 3 * 
r	  ( 03
n = 500

 fY ( # 4 
 fY ( # 4
YQ|=( #  YQ|=( # 0
fY ( ?. fY ( j
* 
r	  ( v * 
r	  ( B4
   #  
 /"%    ´   8  -  ¹q 8   (Qg!hjW|m{jso{jlycfhjk }bXFcgsolndoU!soXFc 
 fY¥YQ|§¥ fY"Xd*±{@®blW¬VW 
 r h/cwdoX!solh3sflTh3k Ákbp¡h3sfW{vdflp,* 
r	 /1'( |:hjmsog!X!k/do{jijX}VXg~SVh3ln® }V 8s~{vlW1hb}bUFxX
cfX!xyhjk}bl"I:FsfXFk/dfXFcd~{vlyxxyXFc}§¦ Eg~Sm{vk/dflyxyxh3kmc!¥Vg~SD{jª/VXQuwX!}bX}bh3kVkV!XEcTd~{vk/dAcelyWmx-.F3p¡h3lycF
_8msgXQuwX!}bX}bhjkVkm!XFcF¥8kVhjDc{3hjkmctpq{vld}bXFcX®b|:!solWXFk3d~{@dolh3kmcT{vkm{jxh3ijVXEcthj¢{vDgVkW1hb}bUFxX
|msfh3|Dh/cek§¦ XFcedQxyXA8s~{vlVWhb}bUFxX33r$hjmsQgXFxy{m¥jkVh3mc	{3hjkmctX!kVxyX!3xy{{jsfl{vmxX
x2
}bXFcg~SVh3ln®|Dh/cfcflyVxXEc!
¤{vkDcTxXgF{jcTlykm}b!|:X!kD}V{vk/dxyX\ª/m{3cel«H/s~{vl£Whb}bU!xyXj¥bkmhvdflyhjkgx{vlysoX!WX!k/d}b DkVlX|D{vs
!&X!m{jsfmlXFsX!d2*{vsoa/«Am{vs~} ,+v3j1Th3 VsokVSm{jW Xd 
Akm}bX!s~cfhjk:,-jj31¥DcF¦ h3bdflyX!k/dA{jxh3soc|m{jsAgh3W¬«
mlkm{jlycfhjk}VXFc@{jsfl{vVxyXFc
x3
Xd
x6
 ¤{jkmc¬xXOgF{jc¬ghjsoso!xyj¥&}bXW{vkVlyU!soX!8l}bX!k/dfX3¥lyxQcF¦ hjbdolXFk3d1|m{vs
Ç¡È É§ÇËÊ
 
	
 !" .
g!hjW¬VlkD{vlceh3k­}bXFcQ@{vsoly{jVxXEc
x1
¥
x3
X!d
x6
 !§Xd~{vVxyXF{j­ghjW|m{jsfXAxXEc	|:X!sfp¡hjsoW{vkmg!XFc}bXcf!xyXFgdflyhjk§
Áxgh3kb msoW1XxyX­:hjkg!hjW|Dh3sedoX!WX!k/d}bX * 
r	 ª/Vltp¡h3kmgdolh3kVkVX­WlyX!b® ª3mXfY |:hjms
n
{jcoceX
|:XdolndEDAhvdfh3kmcª/VXxyXFc|DXFsep¡h3sfW{vkDgXFc}VX fY X!dE* 
rQ cfXsfXeuwhjlyijkVXFk3d|:hjVs
n
i3so{jkm}¨:YQXEgl§XEcwd
{3cfcfXkm{vdfVsoX!x¨!do{vk/dA}bh3kVkV\x{1g!hjkmcedfsomgdflyhjk}bX fY
ρ
#   # 4 
n = 30

 fY ( . 0 
 fY ( v
YQ|=( @ YQ|=( # 
fY ( 0 fY ( j
* 
r	  (  # * 
r	  (  #
n = 50

 fY ( @ 
 fY ( v
YQ|=( #  YQ|=( v
fY ( @ fY ( 0
* 
r	  ( j * 
r	  ( 4v
n = 100

 fY ( #  
 fY ( @
YQ|=( #  YQ|=( v
fY ( 03 fY ( 4v
* 
r	  ( 0j * 
r	  ( 4 #
n = 500

 fY ( # 0 
 fY ( ##
YQ|=( #  YQ|=( ##
fY (  # fY ( j
* 
r	  (  # * 
r	  ( 0B4
    
 /"%    ´   8  -  ¹q 8   (Qg!hjW|m{jso{jlycfhjk }bXFcgsolndoU!soXFc 
 fY¥YQ|§¥ fY"Xd*±{@®blW¬VW 
r h/cwdoX!solh3sfl@Ahjk Ákbp¡h3sfW{@dolnp,* 
r	 /1)(!|:hjmsog!X!k/do{jijXM}bXtg~SVh3ln®\}bª/m{jcfln«H8so{jlW1hb}bUFxX
cfX!xyhjk}bl"I:FsfXFk/dfXFcd~{vlyxxyXFc}§¦ Eg~Sm{vk/dflyxyxh3kmc!¥Vg~SD{jª/VXQuwX!}bX}bh3kVkV!XEcTd~{vk/dAcelyWmx-.F3p¡h3lycF
    ­
  \
  ¬
!%  

!&hjs~cfª/VXxyXOkVh3WVsoXO}bX@{vsoly{jVxXEc
p
XEcwd1ijs~{vkm}¨¥&dwa8|Vlyª/VXFWX!k/d
p > 25
¥&lyxQXEcwdlyW|Dh/cfcflyVxX}bX
soF{jxlcfX!sVkmX¬cf!xyXFgdolh3k)X®bSm{jmcwdol3Xj:¤{jkmcAmk±g!{3}bsfXp¡sfEª3mX!k/dflyX!x+¥D}bXEcA|msfhbgE}bVsoXFc|D{jc|m{jc{jXEg
ÉÉ ÔKLMNN
.E     G	
2! 	
soX!WlceXX!kg!{vDceX, 	  &   
 1{jcogXFkm}V{vk/doXAhj}bXFcogXFkm}V{vk/doXcfhjk/dQbdolxylceFXFc ,*)lyxyxXFsF¥ .F3j18¤{vkDcQmkgF{j}bsoXm{a3FcflXFk§¥vlyxDXEcwdlW|:h3cocelyVxyXA}bXAgF{vxgVxyX!sQX®b|Vxylyg!lndoX!WX!k/dQxyXFc	|Vsohjm{jVlxyldfFcQ{|:h3cedfX!solyhjsolm}bXFc
2pWhb}bUFxXEc!?HAk{jxi3hjsolndoSVWX}VXcelyWVx{@dolh3k|:X!soWXdfdo{vk/dA}¨¦ XFcedflyWX!s
π(γ|y) XFcedA{vxyhjs~c|Vsohj|:h3cfjAhvdfh3kmc
γ−i
xyX3XFgdoX!Vs
(γ1, . . . , γi−1, γi+1, . . . , γp)
m¤¬¦ {j|VsoUFcx{sfUFijxyX}bX T{ajXEc!¥bx{}blcwdosflyVb«
dolh3k}VX
γi
co{jg~Sm{jk/d
y
X!d
γ−i
XFceddfX!xyxyX\ª/VX
π(γi|y, γ−i) =
π(γ|y)
π(γ−i|y)
,
X!dA}bhjkDg
π(γi|y, γ−i) ∝ π(γ|y) .
, 0!1

AlkDcel+¥ g!hjWWX
γi
XEcwd1Vlykm{vlysfX3¥&x{±}blcedfsolVVdflyhjk g!hjkm}bldflyhjkmkVX!xyxX
π(γi|y, γ−i)
XFced¬hjVdfX!k8VX|m{vs¬xX
gF{vxgVx:kVh3sfW{vxylceA}VX
π(γ|y) |:hjms γi = 0 Xd γi = 1 Áx:XFcedT}VhjkmgA|Dh/cfcflmxX}¨¦ VdflyxlceXFsQx+¦ Fg~Sm{jk3dolxyxyhjkb«kmX!VsA}VX[lVDcAª/Vl&cfXm{jcfXcfVsx{celyWVx{@dolh3k)cemgFgXEcfcfl3X}bXFc
γi
cfVly{jk/dxXFVsxyhjl&g!hjkm}bldflyhjkmkVX!xyxX
co{jg~SD{vk/d
γ−i
X!d
y

.	g~Sm{vk/dolxyxh3kVkm{jijX}VX[lVDc
• HdfFso{vdflyhjk (Vdflyso{jijX\}bX γ0 cfX!xyhjkx{1}VlycedfsolmbdflyhjkVkVlp¡hjsoWXceVs Γ 
• HdfFso{vdflyhjk t ¥!|:hjVs i = 1, . . . , p ¥dflys~{vijXt}VX γti cfX!xyhjk π(γi|y, γt1, . . . , γti−1, . . . , γt−1i+1 , . . . , γt−1p ) 
!	¦ Eg~Sm{vk/dflyxyxh3kVkm{vi3X}bX[lyVmcXEcwd}VFgh3W|Dh/ceXFk}bX!b®º|VSm{3ceXEc! !{|VsoX!WlUFsfX|mSm{jcfXXFcedVkVX
|:!solyh8}VXQ}¨¦ Fg~Sm{j I£X!WX!k/d
T0
x{ mk1}bX	x{jª/VXFxxyXj¥Ehjkg!hjkmcfl}bU!soX	ª/VX	x{Ag~SD{"ËkVXQ}bX *{vsjh@ijFkV!so!X	{
{vdedoX!lyk3dtcfhjk1sfFijlyWXTcedo{vdflyhjkVkD{vlysfX3 !{}VX!b®blyU!WX|VSm{3ceXT8lycfX\{v|V|Vsoh®blWXFs co{W1XEcemsfXTcwd~{@dolh3kVkm{vlysoX
π(γ|y)  !§XEc γi i3!kVFsfEcM}bVs~{vk/d	gX!dedfXA|VSm{jcfXAcfhjk/d	gh3kmcfX!sojFc$|:hjmstWX!kVXFs	VlyX!kx+¦ lykbp¡FsfXFkmgX3jr$hjVsmkWhb}bUFxX
γ
}bh3kVkV3¥bx-¦ XFcedflyW{@dfXFVs}bX
π(γ|y) }bF}VVlndA}VXx-¦ Fg~Sm{jk/dflyxxyhjkVkD{vijX}bX[lyVmcXEcwd
π̂(γ|y)
GIBBS
=
(
1
T − T0
) T
∑
t=T0+1
Iγ(γ
t),
,q!1
X!dAgXFxVl§}VX
P(γi = 1|y)
c!¦ Fg!sfld
̂P(γi = 1|y)
GIBBS
=
(
1
T − T0
) T
∑
t=T0+1
Iγi(γ
t
i ).
,/.F!1
r	so{vdflª3mX!WX!k/dF¥bx+¦ Fg~Sm{jk3dolxyxyhjkVkm{jijX}bX[lmmcgh3km}bVldA1kVX\|m{jcg!hjkmcfly}V!soX!sQdfhjDcTxXEcTW1hb}bUFxXEc!!&XFc
Whb}bUFxXEc&8lceldfEc|D{vsM[lVDc cfhjk/d$gX!V®}bX	|Vxymcp¡hjsfdfX|Vsohjm{jVlyxldf3 
Alkmcfl+¥ExyXTgsolndoU!soXQ}bX8lycflndoXQcfX!W¬VxX
|mxmcTs~{vlcfhjkVkm{jVxyXª/VXxyXFcg!sfldfUFsfXEcQVdflyxlceEc|m{jsxXEcdfXFg~SmkVlyª/VXEcT|m{jc|D{jcF
Rhjbd\}¨¦ {v:hjs~}¨¥mkVh3mclyxxymcedfsohjkmcAxXEc|:X!sfp¡hjsoW{vkmg!XFc}bX¬x-¦ Fg~SD{vk/dflyxxyhjkmkm{vi3X\}VX1[lyVmcceVsAxX 8
  qº ¹q 8  ´   8 : !&Xdo{vmxXE{vsfEcemW1XxyXFcsoFcfVxdo{vdoch3bdfXFk/Dc{jXEg¬mkVXxh3l	{|Vsolh3sfl
Ç¡È É§ÇËÊ
 
	
 !" .4
pq{jlmxXFW1XFk/dTlykbp¡h3sfW{@dol3XgF{vs~{jgdo!solycf!X|m{vs
β̃ = 011
X!d
c = 100
!&XAd~{vVxyXF{j¬}bh3kVkVXxXEcTsfEcemxnd~{@doc
|:hjmstVkVXxyhjl:{|Vsolh3sflbkmhjklykbp¡hjsoW{@dflyjX3 ÁxDcF¦ {jU!soXª/VXxyXFcMsoFcfVxdo{@d~ct}bE}bVldoc}bXx+¦ Eg~Sm{vk/dflyxyxh3kVkm{vi3X
}VX[lyVmcAceh3k3dX!®bg!X!xyxXFk/docF
βi 6= 0 π(γ|y) π̂(γ|y)
GIBBS
V¥.j¥Ä V #  # 4 m #  .E
V¥.j¥Äb¥ 4 V j?.F m 3jj
V¥.j¥Äb¥  V 3 # . m / # 4
V¥Äb¥  V  # 3 m  # 3
V¥.j¥Äb¥ 0 V  # 0 # m  # 0!0
V¥.j¥Äb¥Ä V  # 4!4 m  # 4v
V¥.j¥Äb¥  V  # 3 m  #  4
V¥.j¥Äb¥ # V  # 3 m  # ?.
V¥.j¥Äb¥  V  #  # m  # 3
V¥.j¥Äb¥.F V  # 3 m  # 8
V¥Äb¥ # ¥ 0 V ?.EB4 m . #!#
  D  
 /    ´  8¬qº¹- /  (8soFcfVxnd~{@d~c}VXx+¦ Fg~Sm{jk3dolxyxyhjkVkm{jijX[lyVmc , T = 100000X!d
T0 = 10000
1§|Dh3Vs
β̃ = 011
X!d
c = 100
 !{A|VsoX!WlyU!soXg!hjxyhjkVkmX	lykm}blª3mXxyXFc lykm}blgXEcM}bXFc @{vsoly{jVxyXFc
cf!xyXFgdflyhjkVkm!XFcF¥xy{cfXFg!hjkm}VXQxyXFc$|VsohjD{vVlyxldfEcM{|Dh/cwdoX!solh3sflb{jcocfh8g!lFXFcF¥Xdtx{Adosfh3lycflyU!WXQxyXFctXFcedflyW{vdflyhjkmc
}VX\g!XFc|msfh3m{vVlyxylndoFcQdflysfFXFc}bXx+¦ Fg~Sm{jk3dolxyxyhjkVkVXFVs}bX[lyVmcF

 8   ´  / -  ¹q 8     5 
   
  J * "  G ,	  , 
  
& 	 
	 
J	2	 4$F  
"
<   56+? &   ' " # J $ 6  G+	  <   5F? & +

xi = zi+3z
!
zi
	
z

	 	  #  ">G  & 
! # # 
	 
"   " Nn(0n, In)
</    
"	

	  "F , 
  
x1, . . . , x20
	      !
0.9
< /     #  $" 	 ?	   G	E   F"

 & 	 + 
"   GJ	  x1, x3, x5, x6, x12, x18, x20
!>
(β0, β1, β3, β5, β6, β12, β18, β20) = (3, 4, 1,−3, 12,−1, 5,−6)
!
σ2 = 4

	
n = 180
<
AhjmcQlxyxymcwdosfh3kmctW{jlk/dfXFkm{vk/dxXEc	|:X!sfp¡hjsoW{vkmg!XFc	}VXAx+¦ Eg~Sm{vk/dflyxyxh3kVkm{vi3X}bX[lyVmcTcfVs	xyX  8  
 ´  /qº ¹q 8 &3¤pq{jlndT}bXAx{p¡h3sedoXAgh3sfso!x{@dolh3k¬XFk3dosfXxXEctso!i3sfXEcfcfX!Vs~cF¥vgXtuwXFO}bX}bhjkVkm!XFc
XEcwdcfmcfg!X!|bdolmxX}bXWX!dedfsoXx-¦ Fg~Sm{jk/dflyxxyhjkVkmX!Vs}bX)[lVDc¬XFk }bl²­gVxdf3 !§Xdo{vmxXE{vA4±}bhjkmkVXOxyXFc
soFcfVxdo{vdoc|:hjmsVkmXxyhjl${­|Vsolh3sfl&pq{vlyVxyX!WX!k/dlykbp¡h3sfW{@dol3Xj¥:g!{vs~{jgdfFsflceFX|m{vs
β̃ = 021
X!d
c = 100

*±{vkVlp¡XFcedfXFW1XFk/dF¥tx{ 8lndoXFcoceX}bX)x+¦ Fg~Sm{jk3dolxyxyhjkVkm{jijX}bX [lyVmck&¦ { |m{3cX!  cfhj I£sols­}bX)x{ºp¡hjsfdfX
g!hjsosfFxy{vdflyhjk­XFk/dfsoXxyXFc{jsfl{vmxXEcQX!®b|Vxlg!{vdflyjXEc!
ÉÉ ÔKLMNN
. 0     G	
2! 	
    $
  '(--'(
  )+'%
 
  '(


 8    ´    8      !J 
J	C       
	 ! 	 	 !	
B< G" 	C 	  #
# 
	  +
 ? #  X!dA{vx+ +!	  < /   
	 . 	   	 
 F G 
 
 
	 
  	  2  +,B	 "    "!
" &&  # 
	2! ?
GG &    G 
</ 6 
" (
  &   2 
 	)" " ,! G	 #  ' # 
  # 
  J+   ?
GG" &   
      &  
G"
!
500 # $	 2  <   52  & +
? ! n = 33 
 	? 	)E  
"   &  	G+  GJ	  
x1
   	 G	  7
 # $
	  "!
x2
 " & 
	  7
 , 5 "!
x3
 "  # 
  & G? !? " &  
G" !
x4
 "F	 GG"  
 # $
	   6  & G  	    	 " &  5   
	  !  &  
G" !
x5
 " # $
	    & G 
 	    	 " &  5   
	  !  &  
G" !
x6
   G !-
?G	  &  &  		!
x7
   J	 	 =! " &  
G"  ! 1   J	    ( 2 G % !
x8
 "F	 GG"  
 # $
	   6  &  5 ,   & G: " &  G"!
x9
 "  # 
  	 	  ! ,!
	 		!
x10
   G-! # ,B+,B	 	 7 1  &  # 
" ,! ( 2  # ",B  <
_bVsgXEc}bhjkVkm!XFcF¥bkVh3mchjVdfX!kmhjkmcxyXFcsoFcfVxdo{@d~cceml@{vk/d~c
 !#"%$& '() !#"%$&
*,+ -."%$(	-/$021 345/6.78 3497/7;:8
<=7 >?4?/?/@/6 5A02>?/:
<5 >?4?8B8 ?4?/?/?8
<@ ?4?/B/6/@ ?4?/?/C/:
</8 >7?/3/?/B ?45/3/?.7
<B ?497;3/B/@ ?4?/?/3/3
<: >?4@/?/?/C 5497;@/6/5
<6 >?45/?/?/5 ?4C/C.7;B
<C ?497;B/5/: ?4?83/?
<3 >7?/C/@/B ?4:/:8@
<=7;? >?4@/:/B.7 ?4D86.7;:
rM{js{vlyxyxXFVsocF¥mx{­Wh@a3X!kVkVX{O|Dh/cwdoX!solh3sfl}bX
σ2
XFcedFi3{vxyX
0.7732
V¯tkb mk&¥:W{jxi3sfx{pq{jlVxyXd~{vlyxxyX
}§¦ Eg~Sm{vk/dflyxyxh3k§¥:dfhjDcxyXFcg!sfldfUFsfXEcAX!®b|DFsflyWX!k/dfEcceFxXEgdflyhjkmkVX!k/d\xXEcW-DFW1XEc\@{vsoly{jVxXEc!¥¨cf{3hjlysAxyXFc
@{jsfl{vVxyXFc
x1
¥
x2
¥
x4
¥bX!d
x5
mRhjW{jcoceh3kVX 
	;"< ,7.Ej # 1hjbdolXFkVkVX!k/dxyXWDFWXsfEceVxdo{vdF
Ç¡È É§ÇËÊ
 
	
 !" .E
    '

 8   ´  8    6	  ,G	;-    -  +
  	  # # 
	>?
  
 # 
	   #  	
  <    
J	 #    
     $
  ! " & G  	  (   
!E"- 5, !3/ +E,B" 
 #
< 6-
366

 	 &    10 + 
"< 3.G	 !!J # 2 J	 1!   5  	 G  
?   " # 
	 330 
 	
< /3- ! (   &   2
 	4 J , 	  # 
	 #  ! #  #      ! # J       ?    ( & ""!     . J <
/   !"  &  	G 
J	
• x1
 " #     
J 
 1! . . . !+  # 
 !
• x2
 " 
     #   !
• x3
 " 
   ! "F
 # G       ! . . . ! 
  #  ?!
• x4
 " &  	!
• x5
 "F G	 
  J	 !
• x6
 " 	     # G	 !
• x7
 "F	  #'& 
 	   !
• x8
   	 G	 !
• x9
   , J	>! &  	!
• x10
 "6  G G	  <
!&XFcdfsohjlcT|VsoX!WlyU!soXFcT@{vsoly{jVxyXFcTceh3k/dg!hjkmcfl}b!so!XEc{jsedoln :glyX!xyxXFW1XFk/dg!hjWWXª3D{vk/dfldo{vdflyjXFcF
_bVsgXEc}bhjkVkm!XFcF¥bkVh3mchjVdfX!kmhjkmcxyXFcsoFcfVxdo{@d~cceml@{vk/d~c
 !#"%$& '() !#"%$&
*,+ -."%$(	-/$021 >64C/C/5/B 7?/?8& @AB/5/?
<=7 >?4585/@ ?4?.7;?/?
<5 >?4?/?/3/6 ?4?/?.7;5
<@ >?4?/5/@/6 ?4?/5.7;B
</8 >?4?/?/?/5 @A02>?/B
<B >?4?/5.7;@ ?4?/5/B/3
<: ?4?/6/68 ?4?/?/?/B
<6 ?4@/5/C/: ?4?/?/5/?
<C >?4?/?/?/6 BA02>?/C
<3 >?4?.7;5/? ?4?/?/?/5
<=7;? >?4?/?/6/C 5A02>?/B
rM{js {jlxyxXFVs~c!¥x{AWh@ajXFkVkVX{A|:h3cedfXFsflyhjsol/}VX
σ2
XEcwdM!i/{vxyXQ
30.4804
 QlyX!k1ª/VXQx{Ado{vlyxyxX}¨¦ Fg~Sm{jk/dflyxxyhjk
cfhjldsoX!x{@dol3X!WX!k/dOlyW|Dh3sed~{vk/dfX3¥	dohjmcxyXFcgsolndoU!soXFckVX cf!xyXFgdflyhjkVkVXFk/d|m{3cOxyXFcW-D!WXFc@{vsoly{jVxXEc!
!	¦ {j|V|Vsohbg~SVXm{a3FcflXFkVkVX¬kVhjkºlkVp¡hjsoW{vdflyjX¬p¡hjVsokVldxy{ceFxXEgdolh3k±x{|mxmc|m{jsog!lWh3kVlXFmcfX ( 
 fY^Xd
YQ|ceFxXEgdflyhjkmkVX!k/d	xyXFc	{jsfl{vmxXEc
x1
¥
x6
¥
x7
¥
x8
¥/Xd
x10
fY cf!xyXFgdflyhjkVkVXAxXEct@{vsoly{jVxyXFc
x1
¥
x6
¥
x7
¥
X!d
x8
X!d * 
r	 AxyXFc{jsfl{vmxXEc
x6
¥
x7
Xd
x8
 Áx XEcwd\lyk3do!soXFcocf{jk/d}bX1sfXFW{jsoª/VXFsAª/VX-* 
r	 AkVX
cf!xyXFgdflyhjkVkmX|D{jcTx{¬@{jsfl{vVxyX
x1
,qxXWhjlc1Q}Vhjk/dhjk|DXFbdA}bh3bdfXFs}bXx-¦ XI£XdxylykVF{jlsoXceVs
y

ÉÉ ÔKLMNN
j     G	
2! 	
   Q&&
!
¤{vkmc$g!XdM{vsfdflgxyXj¥kVhjDc {3hjkmc}b!3X!xyhj|V|:	mkVXT|Vsfhbg!F}bVsoX	D{ajFcflyX!kVkVXQ}bXceFxXEgdflyhjk¬}bXQ@{jsfl{vVxyXFc
XFkso!ijsoXFcocflh3kxylykVF{jlsoX	i/{vmcocelyX!kmkVXj g!XdedoXQhbgFg!{jcflyhjk§¥E}V{vkmcxyXQg!{3c&lykbp¡h3sfW{@dolnpw¥kVh3mc {jhjkDc¨|Vsohj|:h3cf
mkVX­|VsohbgF}VVsfX}bXghjkDcwdosfmgdflyhjk }bXxyhjlc{|Vsolh3sflQghjW|m{vdflyVxyXFcF§¯txyxXOg!hjkmcflcwdoX­)}b mkmls¬xy{xyhjl	{
|msflyhjsol}b Wh8}VU!xyX¬gh3W|VxX!dX!dOX!k }VF}bVlysoX¬}bX¬W{jkVlyU!soX¬gh3SV!soX!k/doXxXEcAxyhjlc{­|Vsolh3sfl$}bXdfhjDcAxyXFc
cfhjDcw«HWh8}VU!xyXFcFDrM{vs{jlxyxXFVs~c!¥¨}V{jkmcxXg!{3ckVhjkºlkVp¡hjsoW{vdflpw¥¨kVhjDc{3hjkmc|Vsohj|:h3cfVkmX1xyhjlt{|Vsolh3sfl
SmlFso{jsog~SVlª/VX\ª3ml¨!8lndoXx-¦ {vsoVldfs~{vlysfX\}¨¦ VkS8a/|:X!so|m{jso{jW1U!dfsoXj
¤XFcX!®b|DFsflyWX!k/do{vdflyhjkmclyxxymcedfsoX!k/dxy{gF{v|m{3gldf\}bXgX!dedfX|msfhbgE}bVsoXD{ajFcflyX!kVkVX\ceFxXEgdolh3kVkVX!s
mk¬XFkmceXFWVxyX|m{vs~glyWhjkVlyX!b®}VX@{jsfl{vVxyXFcF¤¦ Vk|Dh3lk/d$X®b|VxylygF{@dolnpw¥@XFxxyXT|Vsfhb}bmlndt}bXTWX!lyxxyX!msoc soFcfVxn«
d~{@d~cª/VXxXEcTgsolndoU!soXFcgx{jcocelª/VXFcF¥3kmhvdo{jWW1XFk/dQ|:hjVs}bXpq{vlyVxyXFcQdo{jlxyxXEcQ}§¦ Eg~Sm{vk/dflyxyxh3k§8r${js{jlxyxyX!Vs~c!¥
xyhjs~coª3mX1xyXkVh3WVsoX}bX@{vsoly{jVxXEc\XFcedlW|:hjsfdo{jk3dE¥§kVh3mc{jh3kmc\Whjk/dfsoª3mXx-¦ Fg~Sm{jk/dflyxxyhjkVkmX!Vs}bX
[lyVmcp¡hjVsokVldso{j|Vly}VX!WX!k/dAVkmX{v|V|msfh®blyW{vdflyhjk­|msfEglceX}bXx{1xh3l&{1|Dh/cwdoX!solh3sfl§}VXFcTWhb}bU!xyXFcFV¯Md
g!hjk/dfs~{vlysoX!WX!k/d1g!Xª/VXx-¦ hjk|:hjV@{jlndAg!so{jlkm}VsfX3¥/x+¦ Fg~Sm{jk3dolxyxyhjkVkVXFVs}bX[lyVmck&¦ XEcwd|m{3c|:X!sfdfVsoD
|D{vs}bXp¡hjsfdfXEcgh3sfso!x{@dolh3kmc	XFk/dfsoXso!i3sfXEcfcfX!msocF
¤¬¦ mk±|:hjlyk3d\}bX8VX¬|VsfE}blgdflpw¥:x-¦ {v|V|msfhbg~SVXD{ajFcflyX!kVkVXg!hjkmcflcwdoX|:hjkm}bFsfXFsAxyXFcsfEcemxnd~{@docAhjb«
doX!k8mc|:hjVsg~Sm{3ª/VXWhb}bU!xyX|m{vs\xyX!Vs\|VsohjD{vVlyxldf{|Dh/cwdoX!solh3sfl;,*±{j}blyi3{jk 
	>"< ¥).F3B4+1µdolndosfX
lyxyxmcedfs~{@dolnpw¥£xyXd~{vVxyXF{j 0Og!hjW|m{jsfXxyXFc|:X!sfp¡hjsoW{vkmg!XFc|msfE}blygdflyjXEc}bX¬x-¦ {v|m|Vsfhbg~SVX¬m{ajEcelyX!kmkVXkVh3k
lykbp¡h3sfW{@dol3XTXdQg!X!xyxXh3bdfXFk8VX|m{vsQ}bl I£!soX!k/d~c	gsoldfU!soXFc$|:hjmstxX 8  " ´    8qº¹-8 ¨!&XFc
10000
@{vxyX!Vs~cdfXFcedoc\h3k/d\!dfhjVdfX!k8VXEc\|m{vs\x{cflyWVx{@dolh3kº}bX
100
so!|VxylygF{@dolh3kmc\}bX6*)hjk/dfX!«wY{jsfxyh
cfVstxyXFcoª/VX!xyxyXFc
100
Fg~Sm{jk/dflyxxyhjkmc doXFcedocQceh3k3d	g!hjkmcfl}b!soFcF/YQXFctsfEceVxdo{vdoctg!hjkb DsfWX!k/dtxyX:hjk­gh3W|Dh3se«
doX!WX!k/dQ}VXAkVhjdfsoX{v|V|Vsohbg~SVXm{a3FcflXFkVkVXjÁxDgh3k8/lyX!kD}bso{jlnd	}VXxXEc	}bFjXFxh3|V|DXFsF3rM{vs	{jlxyxXFVs~c!¥vxyhjs~coª3mX
xyXkVh3WVsoX}bX@{jsfl{vVxyXFcXFcedAlW|:hjsfdo{jk3dE¥Vlyx cfX!s~{vldlk/do!soXFcocf{jk3d}bX¬ghjW|m{jsfXFsxXEc|:X!sfp¡hjsoW{vkmg!XFc}bX
x+¦ {v|V|Vsohbg~SVX\m{ajEcelyX!kmkVX\bdflyxlco{vk/dx-¦ Fg~SD{vk/dflyxxyhjkmkVX!Vs}VX¬[lmmc{jXEgxXEc|Vsoh8g!F}bmsfXEcgx{jcocelª/VXFc}bX
cf!xyXFgdflyhjk=,¡so!i3sfXEcfcflh3kO{jcogXFkm}V{jk3doXj¥V}bXEcfg!X!km}m{vk/dfX3¥VcwdoX!| lycfXjyy 1
)´: 8 @¸%q´ ±¸	 m¹ 8 8 8  £¶
   V F ¨ 	´D  /º¸j´:  £¶ 	 8
¶/ E  -¸% 8"% 
  @T$
 $¥ !	tXd    M¥	mE,7.F!03!1 ¯	cedflyW{vdflykVi hj|VdflyW{jxdfs~{vkDcwp¡h3sfW{@dolh3kmc¬p¡hjsW¬Vxndol|mxX
soX!ijsoXFcocflh3kO{vkm}gh3sfsoX!x{@dolh3k§ <  # 
   J	 	 	 <    < ¥V|m{vi3XFc03  v0m
"!$#%$¥:r y¥&'("( +¥*:X!d   $¥¨R\ ,/.F30!1E*)mxndol@{vsol{@dfX T{ajXFcfl{vk)@{vsoly{jVxyXceXFxXEgdolh3k
{vkD}O|VsoXF}Vlygdflyhjk§) <
2  	 	  	 <3    <    ¥V|D{vijXEc3B4  j.3
'* ¥9¬X!d,+-./!$¥¬¤¬ ,-v33!1   ! 
"
	   #   	  #  !FG .   _8|VsolykVijXFse«10MX!soxy{jim
2 Ò$Ø~ÔEÎ&Åw¿ÁÀ Ø~¼qÀ-ÕÄÅwÃÄ¿ÆÔ½ÍÎ&Ô¿43¿wÔ!À-ÕÄ½ÔÔ½ÔÎ&Ù@Ø~Î&ÃÄ¿wÎ§À-¿53ÙÎ6¿MÅeØ~ÃÄÅeÍEÃ8ÅeØ~¼&ÕÄÃÄÎ§Ô¿MÎ-½Ô!À&Ù@Ø~Î&Ú@Ø~Ô	6EÕÄÅfØ~ÙØ~Ô!À-Î87
Ç¡È É§ÇËÊ
 
	
 !" ?.
   .  M¥T[1TX!d !!t¥T¯ ,-jjv51 ZbuwXFgdflyjX T{a3XFcfly{jk 0{vsoly{jVxyX _8X!xyXFgdflyhjk§ z{j|V|Dh3sed
dfXEg~SVkVlª/VXj¥?HAkVl3X!s~celdwa­hjp  xh3sfl}V{m
  *  M¥ ,7.F3jB1 T{ajXEcel{vk 0t{jsfl{vVxyX_8XFxXEgdolh3kldfSzX!x{@dfXE}rtsoXF}blgdohjs~c!   !     
  .  	 	  	 ¥ .!(".4  # V
 # M¥ 
:Xd
	 '  M¥:_£ ,-jjjB1YQh3W1|D{@dflyVxyX|Vsolh3s}blcedfsolVVdflyhjk§ 6  	 
	 
 
G	 &%&  	  	 F  
 ;      J	 	 	 
<  ?  !	    " # 
	G,' . 	?
6    ¥b|m{vi3XFc .Ej  .. 0V
 -! £¥j¯ ,-jj3!1£RTSVX 0{vsol{vVxyXA_8X!xyXFgdflyhjkrtsohjmxXFW4 <  # 
 ' J	 	 	 <  
  < ¥83?(". # j . # 0m
 -! £¥T¯Xd (   ' !($*$¥Tz ,7.Ej # 1 0{vsoly{jVxX _8X!xyXFgdflyhjk 0Al{ [lyVVDc_V{vW|VxylkViD  <
 #    J	 	 	 < 
  < ¥0!0?( 00.  0!0jm
 -! £¥3¯A/X!d (   ' !($*$¥8z ,7.EjB41 
|m|Vsfh/{jg~SVXEcMdoh T{ajXEcel{vk 0t{vsol{vVxyXAcfX!xyXFgdolh3k§  	 	   
	6 JGJ ¥45( ##   # 4 # 
  #%¨¥	m ,/.F3vB1 0{vsoly{jVxX)_8XFxXEgdflyhjk {vkD} *)hb}bXFxYQhjW|m{jsflceh3k lyk zX!ijsoXFcocflh3k§ z{j|V|Dh3sed
dfXEg~SVkVlª/VXj¥?HAkVl3X!s~celdwa­hjp *)lykVkVXEcehjdo{V
 $ * ¥£[1 ,7.EjB41Zk±|Vsfh3|DXFsedolXEchjptrtsfXE}blgdflyjX¬rtsolh3socAlk !&lkmXF{vs~c2*h8}VX!xc!   #  
 J	 	 	 
 ¥D .B,¡51( ###  #!# 48
 $ * ¥8[18Xd	 't¥3r$,7.EjjB1 
JrtsoXF}VlygdflyjX 
A|V|Vsoh3{3g~SdfhdfSVX
km{jxabcflycQhvp ¤AXEcelyijkVXE}­¯M®b|:X«
solWX!k/d~c!  <  # 
   J	 	 	 < 
  < ¥03,¡8j!1( # j  # .FV
 !*$¥8z¥" *$¥ * 8Xd   * M¥8¤¬ ,-jj. 1hjkm|m{vs~{vWXdosflgsoX!i3sfXEcfcflh3kmcflkVi1xylkVXE{vsTgh3WVlykm{@«
dflyhjkDcThvp$m{jcflycQp¡VkDgdflyhjkDc!  	 	  	      # &  	G, ¥ .!.( # . #  # jb
	 '  $¥m_¨ ,7.F3jB1   & 5   !  ZA®8p¡h3so}'HkVlyjXFsocfldwartsfXEcfcF
	     - ¥b¯VXd! #"$&% ' M¥bR\ ,-jj3!1 HkVX\lyk/dfsoh8}Vmgdolh3k{vgsoldfU!soX fY (8p¡hjkm}bXFWX!k/doc
dfSm!hjsolª3mXFcXdlyk/dfX!so|Vsod~{@dflyhjk&    3!"-  
	   ('+ 
-  J	 	 	  2  ¥. .3
	 '(  +¥0¬VXd   !.! +¥m[1 ,+v3 # 1	YQhjW|m{@dolmxX|Vsolyhjs~cp¡hjsg!{jmco{vx T{ajXEcel{vkkVXd hjsbc! 6
   	 	  	 
 ¥V|m{vi3XFcv54  jjmbZA®8p¡h3so} HkVlyjXFsocflndwaOrtsfXEcfcF¥DZA®8p¡hjs~}¨
  $¥§¤¬y¥*) +,"t¥ 
¨Xd-% !.  t¥&DC,7.EjB41 T{ajXFcfl{vkWhb}bX!xQ{jX!s~{vi3lkmip¡hjsxylkmXF{vs
soX!ijsoXFcocflh3k­Wh8}VX!xc!) < # 
   J	 	 	 < 
  < ¥D/ (.+4v  .E?.3
  $¥VD « * 3,+v3j!1MYQh3k@uwVi/{@dfXg!hjW|m{@dolmxX\|Vsolh3s}blcwdosflyVbdolh3kmc!    #   
  $¥£m « * mX!d
) !   ¥¨Y ,-jj3!1          /> 
	   &%&   !=	     #
&  	 	    J	 	 	  t_8|VsolkVi3X!sf« 0MXFsfx{viD|m{jso{ydosfX3
   ¥
3,7.EjjB1   
	C  
"	 G 
 ,  QYQSm{v|mW{jk{jkm} A{jxx+
ÉÉ ÔKLMNN
3     G	
2! 	
 ( *m¥3R\3Xd   "'( *  £¥/m,7.E00B1 T{ajXFcfl{vk0{vsol{vVxyXA_8X!xyXFgdflyhjklyk!§lykVXE{vs	zXFijsoXFcocelyhjk&
 <  # 
   	 	  	 <  
  < ¥0 # (.F3 #  .F # b
 !  ¥m¤¬£mDXd  -$¥mr$£m ,-v3v51 {a3XFcfly{jk 0{vsoly{jVxyXceXFxXEgdflyhjk){jkm}dfSVX1_ QXFkm}VcfX!kb«°{vkmi

xyijh3sfldfSmW  <    # &  	 <    & ?<  	 	  	 < ¥. # (".  .+4b
 *  -.@¥¨z¨X!d  ' M¥ C,/.F30!1 
 kVXµgsolndoX!solh3kp¡h3s{jsfl{vmxX1ceXFxXEgdflyhjk&  J	 	 	 <    <
/ 		 
  ¥ # 0(".!.  .EV
) !  -, ¥DY3,+vj3!1 /       
    G
 & 
	 6 #'& " # 
	 	 	_b|VsflykVi3X!sf« 0MXFsfx{viD
) !   !t¥
mXd   !.! +¥:[1 ,-jjv51YQhjW|m{@dolmxXr	sflyhjsA¤lcwdosflyVbdolh3kmcp¡h3sA¤ 
[ Wh8}VX!xc!
 < 
2 	 	  	 <    <   
  ¥m3?( 54  ?.3
( * - ¥ H£Xd   !"("! M¥:D ,+v3vB1r	X!sfp¡XFgdco{vW|VxylkViOp¡hjsT{ajXFcfl{vk)@{vsoly{jVxyXceXFxXEgdolh3k
lyk{1xylkmXF{vssoX!i3sfXEcfcflyhjk­Whb}bX!x+) <3 J	 	 	 < " < 6 .
 
 ¥ .Ej?(.E #  .45.j
" *$¥!*jXd !*$¥jzJ,7.Ej3!1£h3kV|m{jso{jW1X!dfsolygsoX!i3sfXEcfcflh3kmcflykVi T{ajXEcel{vk1@{vsoly{jVxXcfX!xyXFgdflyhjk§
     3 . ; # 
	  ¥ 4j ( # .4  #  # 
  !  ./.!£¥:z¥+ '  $¥:_¨¥	 -.'! "t¥D¯£Xd
   ¥§Y ,/.F331 /3 
E,  C   
 F 5,B +       
J # 
	?  	 	 	  2  C*{jcoceh3k§¥V¬F}bldflyhjk§
  !  ./.!£¥Vzy¥(  $¥:YmXd   ./.!M¥Vm «+r$3,/.F3 # 1  # 
	   #  !  
	 :! & ?
 
# $  " , 2   *{jcoceh3k§
	   ¥ 
 ,/.F03!1bZk{3cfcfXFcocflkViArtsflyhjs$¤lycedfsolmbdflyhjkmc${jkm} T{ajXEcel{vkzXFijsoXFcocelyhjk{jkm{vxyabcelc ldfS
g
«+|Vsolyhjs§}blcwdosflyVbdolh3ksfXFijsoXFcocelyhjkmcflkmi T{ajXFcfl{vk{jsfl{vmxX	cfX!xyXFgdflyhjk§ 6  FG .  ;

  	  5J 2 # 
+ G
   2.      CG 		 ¥j|m{jijXFcM ##  @ # hjsfdfSV«Ahjxyxy{jkm}
 ¯txceXF/lyX!sE
Ç¡È É§ÇËÊ
 
	
 !"  #
βi 6= 0 π(γ|y) π̂(γ|y)
GIBBS
V¥.j¥Ä V 44@54 m 40jj
V¥.j¥Äb¥ 4 V j3 # m 3?.4
V¥.j¥Äb¥  V v.F m j.E
V¥.j¥Äb¥ 0 V ?.F!0 m .F54
V¥.j¥Äb¥Ä V ?.F. m .F3
V¥.j¥Äb¥  V ?. #  m .! #
V¥.j¥Äb¥ # V ?. #  m .! #
V¥.j¥Äb¥  V ?. #  m .Ej
V¥.j¥Äb¥.F V ?. #  m . # 
V¥Äb¥  V j3j m 33j
  @  
 8    ´   8T -  ¹q 8'(!soFcfVxdo{@d~c&}bX	x-¦ Fg~Sm{jk/dflyxxyhjkVkD{vijXt}VXQ[lmmc , T = 100000X!d
T0 = 10000
1t|Dh3Vs
π(c) ∝ c−1IN∗(c)
!&{1|VsoX!WlyU!soXg!hjxyhjkVkmXAlykm}blª3mXxyXFcTlykm}blgXEc}bXFc@{vsol{vVxyXFc
cf!xyXFgdflyhjkVkm!XFcF¥xy{cfXFg!hjkm}VXQxyXFc$|VsohjD{vVlyxldfEcM{|Dh/cwdoX!solh3sflb{jcocfh8g!lFXFcF¥Xdtx{Adosfh3lycflyU!WXQxyXFctXFcedflyW{vdflyhjkmc
}VX\g!XFc|msfh3m{vVlyxylndoFcQdflysfFXFc}bXx+¦ Fg~Sm{jk3dolxyxyhjkVkVXFVs}bX[lyVmcF
βi 6= 0 π(γ|y) π̂(γ|y)
GIBBS
m¥".3¥ # ¥ V¥ m¥".b¥. 0m¥ j m". 0j # V. 0/j
m¥".3¥ # ¥ V¥ m¥". 0V¥Äv m /0!0 V 3j0
m¥".3¥ # ¥ V¥ m¥ m¥".b¥. 0m¥ j m /j # V 3 # 
m¥".3¥ # ¥ V¥ m¥".b¥.!D¥". 0V¥Äv m /jj V ?.E #
m¥".3¥ V¥ # ¥ V¥ m¥".b¥. 0m¥ j m / .E V 33j
m¥".3¥ # ¥ V¥ m¥ 4b¥".b¥. 0m¥ j m / . V 3 ##
m¥".3¥ # ¥ V¥ m¥".EV¥.EV¥". 0V¥Äv m .F3 V 33j
m¥".3¥ # ¥ D¥ V¥ m¥".b¥. 0m¥ j m .F54 V ?. 03
m¥".3¥ # ¥ V¥ m¥".b¥.EV¥". 0V¥Äv m .F3 V ?.Ej
m¥".3¥ # ¥ V¥ m¥ 0m¥".b¥. 0m¥ j m .F # V ?.EB4
  4  
 8    ´   8T -  ¹q 8   (!soFcfVxdo{@d~c&}bX	x-¦ Fg~Sm{jk/dflyxxyhjkVkD{vijXt}VXQ[lmmc , T = 100000X!d
T0 = 10000
1§|Dh3Vs
β̃ = 021
X!d
c = 100
 !{A|VsoX!WlyU!soXg!hjxyhjkVkmX	lykm}blª3mXxyXFc lykm}blgXEcM}bXFc @{vsoly{jVxyXFc
cf!xyXFgdflyhjkVkm!XFcF¥xy{cfXFg!hjkm}VXQxyXFc$|VsohjD{vVlyxldfEcM{|Dh/cwdoX!solh3sflb{jcocfh8g!lFXFcF¥Xdtx{Adosfh3lycflyU!WXQxyXFctXFcedflyW{vdflyhjkmc
}VX\g!XFc|msfh3m{vVlyxylndoFcQdflysfFXFc}bXx+¦ Fg~Sm{jk3dolxyxyhjkVkVXFVs}bX[lyVmcF
ÉÉ ÔKLMNN
v     G	
2! 	
ρ
#   # 4 

 fY ( b # ,-V !1 
 fY (:bÄ ,-VÄ1
YQ|=( b # ,-V !1 YQ| (:bÄ ,-VÄ1
fY ( bÄ ,-VÄ1  fY (:b.,-VÄ1
>* 
 ( .j  ,-VÄ1  * 
 (3.j  ,-V. 1
  B0  
 8"%    ´  8qº¹- /  ¬Xd n = 100 (jgF{vsosfEc}bXEc$FgF{vsfdoc$Wh@ajXFkmc>,¡FgF{vsfde«+dwa8|DXEc1XFk/dfsoXxy{@{vxyX!mshjmcfX!sojFXX!dxy{@{jxXFVs|VsoF}bldfX|:hjms
10000
|Dh3lk/d~cTdfXEcwd~cX!k)bdolxylcf{jk3dxyXFcAgsolndoU!soXFc

 fY¥:YQ|Xd fY X!dxy{g!hjWmlkm{jlycfhjkm{ajEcelyX!kmkVX}VX\dfhjDcTxXEcTW1hb}bUFxXEc , >* 
 1
Ç¡È É§ÇËÊ
Unité de recherche INRIA Futurs
Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
